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Suppose a ﬁnite group acts as a group of automorphisms of a smooth complex
algebraic variety which is deﬁned over a number ﬁeld. We show how, in certain
circumstances, an equivariant comparison theorem in l-adic cohomology may be
used to convert the computation of the graded character of the induced action on
cohomology into questions about numbers of rational points of varieties over ﬁnite
ﬁelds. This is carried through in three applications: ﬁrst, for the symmetric group
acting on the moduli space of n points on a genus zero curve; second, for a unitary
reﬂection group acting on the complement of its reﬂecting hyperplanes; and third,
for the symmetric group action on the space of conﬁgurations of points in any
smooth variety which satisﬁes certain strong purity conditions.  2002 Elsevier Science
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INTRODUCTION
Let X be a smooth complex algebraic variety which is deﬁned over a
number ﬁeld K, and suppose that the ﬁnite group G acts as a group of
K-endomorphisms of X. In this paper we give a general method for calcu-
lation of the action of G on the (singular or de Rham) cohomology of X,
by reducing X modulo ﬁnite primes. The technique applies in particular
when X satisﬁes certain strong purity conditions, and gives rather explicit
1 The authors thank the Australian Research Council for support during the preparation of
this work.
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formulae provided we can compute the zeta function of X modulo these
primes, and this can be done in many interesting cases (cf. [L2, DL]).
To explain the method, we “spread out” X together with its G-action by
noting that, for some integer n ≥ 1, they are deﬁned over a ﬁnite 1/n-
algebra R whose ﬁeld of fractions is K. Fix a map R→ q ↪→q for some
prime power q. Let F denote the geometric Frobenius in Galq/q acting
on the l-adic cohomology H∗c X ⊗ql. Since the action of g ∈ G on this
cohomology commutes with that of F , its character can be easily determined
in terms of those of F and gF . However, the latter two characters can
be computed using the Grothendieck–Lefschetz ﬁxed point formula. For
gF this works because it is the Frobenius with respect to a “twisted” q-
structure on X. Finally, we can switch back to the Betti cohomology of X,
provided we have the comparison
trace
(
gHicX ⊗ an
) = trace(gHicX ⊗ql) A
In Section 1 we show how (A) may be deduced for almost all charac-
teristics, from some standard facts concerning the comparison of Betti and
l-adic cohomology of schemes.
We give three applications of the technique sketched above. First, we
give an explicit determination of the action of the symmetric group Symn
on the cohomology of the moduli space 0 n of n (ordered) distinct points
on a Riemann surface of genus zero (cf. the work of Getzler [G]). In this
case our results are a little more explicit than those of [loc. cit.]. In par-
ticular we show that the quotient of 0 n by the symmetric group has the
cohomology of a point and that the alternating representation does not
appear in the cohomology of 0 n. We also show (see (2.19) below) that
the top cohomology is an extension to Symn of the n − 2! dimensional
representation of Symn−1 which arises in the top cohomology of the conﬁg-
uration space of n− 1 complex points, or in the Lie operad at level n− 1.
We understand that the existence of such an extension was ﬁrst observed
by Kontsevich (see also the work of Robinson and Whitehouse [RW]).
Second, for a ﬁnite group G, acting by (pseudo)reﬂections on a ﬁnite
dimensional complex vector space V , we explain how to compute the action
of G on the cohomology of MG, the complement of the reﬂecting hyper-
planes in V . For real reﬂection groups, this was done in [L2] by a different
method.
Finally, for a variety X which is assumed to satisfy a cohomological purity
condition, we determine explicitly the action of the group Symn on the
cohomology of the conﬁguration space CnX of n distinct ordered points
of X in terms of the zeta function of X.
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1. COMPARISON OF l-ADIC AND BETTI COHOMOLOGY
(1.1). The purpose of this section is to recall some standard facts about
comparison of Betti and l-adic cohomology. Suppose that R is a strictly
henselian, discrete valuation ring with residue ﬁeld k. Fix an embedding
R ↪→ . For any ﬁnite type R-scheme X, we write Xk = X ⊗R k and
X = X = X ⊗R .
Let l be a prime number which is invertible in R. We can consider the
l-adic cohomology HiXkl with coefﬁcients in an algebraic closure l
of l as well as the cohomology with compact supports HicXkl.
If Xan denotes the complex analytic space attached to X, then we also
have the analogous Betti cohomologies HiXan  and HicXan .
In the rest of the paper we ﬁx once and for all an isomorphism l
∼→ .
Proposition (1.2). Let X be an open dense subscheme of a proper
smooth R-scheme X, and suppose that the complement X\X is a normal
crossings divisor relative to R. Then there exist isomorphisms
HiXkl
∼→ HiXan  (1.2.1)
and
HicXkl
∼→ HicXan  (1.2.2)
These isomorphisms are functorial for maps of smooth R-schemes f  Y →
X which have compactiﬁcations Y ↪→ Y , X ↪→ X as above. Note that we do
not assume f extends to a map of compactiﬁcations.
In particular if G is a group acting on the R-scheme X, then (1.2.1) and
(1.2.2) are equivariant with respect to the group action induced on cohomology.
Proof. Let K be the fraction ﬁeld of R, and denote by K the integral
closure of K in . Write XK = X ⊗R K. Let  be any ﬁnite ring whose
order is invertible in R. Since X is smooth, the complex of nearby cycles
R is equal to , and [SGA 7, XIII 2.1.8] yields canonical maps
HiXK → HiXk (1.2.3)
and
HicXk → HicXK (1.2.4)
This holds even if we do not assume that X has a compactiﬁcation X of
the type described above. Assuming the existence of X, these maps are
isomorphisms by [SGA 7, XIII, 2.1.9].
Next by [SGA 4, XVI 1.6; SGA 4, XVII 5.2.6] respectively. we have
isomorphisms
HiXK
∼→ HiX  (1.2.5)
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and
HicXK
∼→ HicX  (1.2.6)
Finally by [SGA 4, XVI 4.1; SGA 4, XVII 5.3.5] respectively, we have
isomorphisms
HiX 
∼→ HiXan   (1.2.7)
and
HicX 
∼→ HicXan   (1.2.8)
Combining (1.2.3), (1.2.5), and (1.2.7) (resp. (1.2.4), (1.2.6), and (1.2.8))
yields canonical (i.e., functorial in X/SpecR) isomorphisms
HiXk
∼→ HiXan   (1.2.9)
and
HicXk
∼→ HicXan   (1.2.10)
Now let E ⊂ l be a subﬁeld, which is ﬁnite over l, and denote by E
its ring of integers. Then setting  = E/ln for n = 1 2    and applying
(1.2.9) we have
HiXkE = lim← H
iXkE/lnE
∼→ lim← H
iXan E/lnE
∼→ HiXan E
(1.2.11)
where the ﬁrst isomorphism in (1.2.11) is simply the deﬁnition of
HiXkE and the ﬁnal isomorphism follows, for example, from the
universal coefﬁcient theorem. Similarly, we obtain an isomorphism
HicXkE
∼→ HicXan E (1.2.12)
Passing to the limit in (1.2.11) and (1.2.12) over all subﬁelds E ⊂ l which
are ﬁnite over l, and tensoring by ⊗ll, we get the analogous isomor-
phisms but with l in place of E . Finally using the chosen isomorphism
l
∼→  yields the proposition.
Corollary (1.3). Let  be the ring of integers of a number ﬁeld K and let
n be a positive integer divisible by l. Assume that X is a smooth, proper scheme
over 1/n and that X ⊂ X is a dense open subscheme, such that X\X is
a normal crossings divisor relative to 1/n. Fix a prime  of 1/n and
an embedding 1/n ↪→ . If k denotes the residue ﬁeld of  and k¯
denotes an algebraic closure of k, then there are canonical isomorphisms
HiXk¯l
∼→ HiXan  (1.3.1)
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and
HicXk¯l
∼→ HicXan  (1.3.2)
In particular, if a group G acts on X, then these isomorphisms are
G-equivariant, without assuming that the action of G extends to X.
Proof. Let R be a strict henselisation of  at . Fix an embedding R ↪→
 extending 1/n ↪→ , and an identiﬁcation of k¯ with the residue
ﬁeld of R. The corollary now follows by applying the Proposition (1.2) to
X ⊗1/n R.
Remark (1.4). The above corollary will be applied to compute the traces
of automorphisms of X acting on the Betti cohomology of Xan . For this,
the precise ring 1/n over which X is deﬁned is not crucial. In other
words, it is usually harmless if we increase the integer n, or equivalently
have the statement of Corollary (1.3) only for all but ﬁnitely many . If
we are willing to make this concession, then one has the following result,
which obviates the need to check the existence of X.
Proposition (1.5). With the notation of (1.3), suppose that X is a smooth
1/n scheme (we do not assume the existence of X). Then for all but ﬁnitely
many primes  of 1/n we have canonical isomorphisms
HiXk¯l
∼→ HiXan  (1.5.1)
and
HicXk¯l
∼→ HicXan  (1.5.2)
As usual, these are equivariant for any group acting on X over Spec1/n.
Proof. Write Xη = X ⊗K K. By Nagata’s theorem [Na] there exists a
proper K-scheme Xη which admits Xη as a dense open subscheme. By
resolution of singularities (see [Hi] or [BM]), we may assume that Xη is
smooth and that Xη\Xη is a normal crossings divisor. Now a standard limit
argument shows that there exists a positive integer m which is divisible by n,
a proper 1/m-scheme X which admitsXm = X⊗1/n 1/m as a dense
open subset, and such that X\Xm is a normal crossings divisor relative to
1/m. The result now follows by applying Corollary (1.3) to Xm.
Remark (1.6). For ﬁnite coefﬁcient rings , (1.5) may be deduced from
Deligne’s generic base change theorem [D, (2.9)]. In our situation, we
require the compactiﬁcation argument above.
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2. THE SYMMETRIC GROUP ACTING ON THE
MODULI SPACE 0 n
(2.1). To apply our method, we shall give a relative, i.e., scheme theo-
retic, deﬁnition of conﬁguration spaces. Fix a map of schemes, X → S, and
a positive integer n. We deﬁne the conﬁguration space functor CnX from
the category Sch/S of S-schemes to sets by putting, for an S-scheme T ,
CnXT  equal to the set of ordered n-tuples z1 z2     zn, of pairwise
disjoint sections zi ∈ XT T . Here XT is the ﬁbre product X ×S T , which
we regard both as a scheme over T and, by (common) abuse of notation,
as the functor from T -schemes to sets deﬁned by stipulating that, for a
T -scheme Y , XT Y  = HomT YXT  = HomSYX. The zi are therefore
sections of the morphism X ×S T → T . Two such sections are said to be
disjoint if their images in X ×S T are.
It is easy to see that the functor CnX is representable by an open subset
of the ﬁbre product X ×S X ×S · · · ×S X, where there are n terms in the
product. We therefore regard this open subscheme as the scheme theoretic
version of the conﬁguration space.
(2.2). Consider now the moduli space 0 n of genus zero curves with
n distinct labelled points. This is the functor which assigns to a -scheme
T the set of ordered n-tuples of disjoint sections z1     zn ∈ 1T up to
isomorphism.
We obtain an action of the -group scheme G = PGL2 on Cn1 by
letting g ∈ GT  = GT T  act diagonally on n-tuples in 1T T . The space
0 n can be regarded as the quotient of Cn1 by this action.
0 n is represented by a ﬁnite type -scheme. One way to see this is via
the following lemma, which will in any case be needed later. For the rest
of this section we assume that n ≥ 3.
Lemma (2.3). There is a canonical isomorphism
H Cn−3	1 − 0 1
∼→ 0 n
Proof. Let T be a scheme. If z4     zn ∈ Cn−3	1 − 0 1T , we
deﬁne Hz4     zn to be the equivalence class of 0 1∞ z4     zn.
On the other hand consider an n-tuple z1     zn of disjoint sections
of 1T . There exists a unique element g ∈ GT  such that gz1 gz2 gz3 =
0 1∞. Thus an element of 0 nT  is represented by a unique n-tuple
of the form 0 1∞ z4     zn.
(2.4). For a variety X deﬁned over a ﬁnite ﬁeld q, we denote by F the
endomorphism of X ⊗q obtained by raising local co-ordinates to their qth
powers. There is a natural action of Galq/q on HicX ⊗ql. We will
denote by F the endomorphism of HicX ⊗ql induced by the inverse of
the arithmetic Frobenius x → xq in Galq/q.
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Lemma (2.5). The Frobenius endomorphism F acts on the l-adic coho-
mology space Hic0 n ⊗ql with all eigenvalues equal to qi−n+3.
Proof. From Lemma (2.3), we see that 0 n ⊗q is isomorphic to the
complement in an afﬁne space of dimension n− 3 of a ﬁnite set of afﬁne
linear hyperplanes. The map of (2.3) respects Frobenius, which ﬁxes all the
hyperplanes. The result now follows from [L2, Proposition 2.4].
Corollary (2.6). Assume n ≥ 4 and that t is an indeterminate. For any
permutation w ∈ Symn, write
Pw t =∑
i
trace
(
wHi0 nan
)
ti
for the Poincare´ polynomial. Then for inﬁnitely many prime powers q, we have
Pw−q−1 = q3−n0 nqwF  (2.6.1)
Proof. First observe that since 0 nan is smooth of (complex) dimen-
sion n− 3, we have
Hic
(
0 nan
) ∼= H2n−6−i(0 nan)
We want to apply Grothendieck’s ﬁxed point theorem to wF acting on
0 n ⊗q. We can do this once we note that there is a (unique) q-
scheme w such that w ⊗qq
∼→ 0 n ⊗q and wF becomes the relative
Frobenius endomorphism of 0 n induced by this q-structure on 0 n.
Thus for almost all q, we have
∣∣0 nqwF ∣∣ =∑
i
−1itracewFHic
(
0 n ⊗ql
)
=∑
i
−1itrace(wHic0 n ⊗ql)qi−n+3 (by (2.5))
=∑
i
−1itrace(wHic0 nan)qi−n+3 (by (1.3))
=∑
i
−q−12n−6−itrace(wH2n−6−i0 nan)qn−3
and the result follows.
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The explicit computation of the equivariant Poincare´ polynomials of (2.6)
is possible because of the next
Proposition (2.7). Maintain the above notation. Then
∣∣0 nqwF ∣∣ = ∣∣Cn(1q)wF ∣∣∣∣GqF ∣∣−1 =
∣∣Cn(1q)wF ∣∣
qq2 − 1 
Proof. For x ∈ Cn1q, the orbit Gq · x ∈ 0 nqwF if and only
if wFx = g · x for some g ∈ Gq. But by Lang’s theorem g = Fh−1h
for some h ∈ Gq, since G is connected. Thus h · x ∈ Cn1qwF .
Hence Gq · x ∈ 0 nqwF if and only if the orbit contains a wF-stable
point. But since Gq acts freely on 0 nq, two wF-stable points of
Cn1q are in the same Gq orbit if and only if they are transforms
of each other under GqF .
The explicit values of the polynomials 0 nqwF  are given by
Lemma (2.8). Deﬁne the polynomials ciq (i = 1 2   ) by
c1q = q+ 1
ciq =
∑
di
µ
(
i
d
)
qd for i > 1
For positive integers im write
C
m
i q = ciqciq − iciq − 2i · · · ciq − m− 1i
If w ∈ Symn has cycle decomposition imi (that is, mi cycles of length i), then∣∣0 nqwF ∣∣ = ∏i Cmii qqq2 − 1 
This is a straightforward computation, given (2.7). Assembling all the
above information, we obtain
Theorem (2.9). The Poincare´ polynomial Pw t of a permutation w of
cycle type imi acting on the cohomology of the moduli space 0 n is
given by
Pw t =
∏
i Q
mi
i t
1− t2 
where, for any pair im of positive integers,
Q
m
i t = pit
(
pit − i−ti
)
× (pit − 2i−ti) · · · (pit − m− 1i−ti)
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and
pit =

1− t if i = 1∑
di
µ
(
i
d
)
−ti−d if i > 1.
This follows easily from (2.6) and (2.8). As an immediate consequence
we recover a result of Getzler [G, 5.5(8)], which also follows from standard
fact concerning hyperplane complements.
Corollary (2.10). The Poincare´ polynomial of 0 n is 1+ 2t1+
3t · · · 1 + n − 2t. In particular the dimension of H∗0 n =
⊕iHi0 n is n−1!2 .
We shall apply our character formula to deduce properties of the repre-
sentation of Symn on H
∗0 n and on the top cohomology, in analogy
with the results of [L1]. To determine character values, the following result
will be useful.
Lemma (2.11). (i) Qm1 t is divisible by t2 − 1 if m ≥ 3.
(ii) Qm2 t is divisible by t2 − 1 for m ≥ 2.
(iii) If i > 2, pit is divisible by t2 − 1 in t. Write qit = pit/1−
t2. Then qi1 is a positive integer, and if *1 *2     *k are the distinct prime
divisors of i, qi1 is explicitly given by the formula
qi1 =

1
2
i
∏
j
(
1− 1
*j
)
if i ≡ 2 (mod 4)
3
2
i
∏
j
(
1− 1
*j
)
if i ≡ 2 (mod 4).
Proof. The assertions (i) and (ii) are easily checked. We turn to the
proof of (iii). By the deﬁning property of the Mo¨bius function µ, pi−1 =
0 for i > 2, so pit is divisible by t + 1. But by [L1, Proposition 4.11], we
also have pi1 = 0 for i > 2, whence the ﬁrst assertion of (iii) follows.
To prove the explicit formula, ﬁrst take i to be square free and use de
l’Hoˆpital’s rule. The general case follows by substitution.
Corollary (2.12). Let χ∗ be the character of Symn on H
∗0 n,
i.e., on the total cohomology space = ⊕iHi0 n. Then for w ∈ Symn,
χ∗w = 0 unless w has cycle type
(i) w ∼ im for some i ≥ 1, or
(ii) w ∼ 2 im for some i = 2.
For w of type (i) or (ii), the value of χ∗w may be read off from (2.9) and
(2.11).
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Proof. It follows from Lemma (2.11)(i) and (iii) and the fact that
p11 = 0 that χ∗w = 0 if (a) w has two cycles of distinct lengths i j,
both >2, or (b) w has one cycle of length i > 2 and either a ﬁxed point or
two 2-cycles, or (c) w has two 2-cycles and a ﬁxed point. The elements w
of types (i) and (ii) are the ones which remain when those of type (a), (b),
or (c) are excluded.
We shall now prove
Theorem (2.13). The multiplicity of the trivial character of Symn in χ
∗
is 1. Thus the quotient ˜0 n of 0 n by the symmetric group has the
(rational or complex) cohomology of a point.
Proof. Straightforward application of the character formula (2.9) to the
two cases of (2.12) gives the following formula for the multiplicity
χ∗ 1Symn = n!−1
∑
w∈Symn
χ∗w
χ∗ 1Symn =
1
2n
+ 1
2n− 2 +
1
n
∑
im=n i≥3
qi1−1i−1m−1
+ 1
n− 2
∑
im=n−2 i≥3
qi1−1i−1m−1
+ −1n/2 3
nn− 2 
(2.13.1)
where the last summand −1n/2 3
nn−2  is omitted if n is odd.
We shall require
Lemma (2.14). Let i = ∏kj=1 pnjj be a positive integer, where the pj are
distinct primes. Deﬁne
ri = i∏
j
(
1− 1
pj
)

Then for any positive integer n,
∑
in ri = n.
To see (2.14), observe that ri is just the Euler φ-function evaluated at
i, and the assertion is one of its standard properties.
To prove Theorem (2.13), we shall show that the right-hand side of
(2.13.1) is less than 2. Since 1Symn obviously occurs in H
00 n, this
will sufﬁce. For this purpose we use
Lemma (2.15). (i) If n is odd,
∑
in i≥3 qi1 = 12 n− 1.
(ii) If n is even,
∑
in i≥3 qi1 ≤ n− 2.
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Proof of (2.15). It follows from (2.11)(iii) that qi1 = 12 ri if i ≡ 2
(mod 4), while qi1 = 32 ri if i ≡ 2 (mod 4). The statement (i) now follows
by direct calculation from Lemma (2.14). Suppose now that n = ∏kj=1 pnjj
is even and that p1 = 2. The divisor i of n satisﬁes i ≡ 2 (mod 4) if and
only if i is of the form i = 2pm22 · · ·pmkk , and for such i, ri = r i2 .
Hence if we write n0 = pn22 · · ·pnkk , we have∑
in i≥3
qi1=
1
2
∑
in i≥3
ri + ∑
i0n0 i0≥3
ri0
= 1
2
n− 2 + n0 − 1
≤ n− 2
(2.15.1)
which proves (ii).
We now complete the proof of (2.13). Taking absolute values on the
right-hand side of (2.13.1), we see that
χ∗ 1Symn ≤
n− 1
nn− 2 +
n− 2
n
+ n− 4
n− 2
= 2n
2 − 7n+ 3
nn− 2
< 2 if n ≥ 3
which completes the proof of (2.13) by the above remarks.
Proposition (2.16). The alternating character 0 of Symn does not occur
in the total cohomology character χ∗.
Proof. We compare the multiplicity χ∗ 0Symn with χ∗ 1Symn . Again,
straightforward application of the character formula (2.9) to the two cases
of (2.12) gives the following formula for the multiplicity
χ∗ 0Symn = n!−1
∑
w∈Symn
χ∗w0w
χ∗ 0Symn =
1
2n
− 1
2n− 2 +
1
n
∑
im=n i≥3
qi1−1i−1
− 1
n− 2
∑
im=n−2 i≥3
qi1−1i−1 (2.16.1)
+ 3
nn− 2 
where the last summand  3
nn−2  is omitted if n is odd.
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If n is odd, each summand of the right-hand side of (2.13.1) is positive,
while some of those in (2.16.1) are negative, whence χ∗ 0Symn is an integer
satisfying 0 ≤ χ∗ 0Symn < χ∗ 1Symn = 1, whence χ∗ 0Symn = 0.
Suppose n is even. We shall use
Lemma (2.17). If n is even,
∑
in i≥3 qi1−1i = 12 n− 2.
Proof of (2.17). An argument similar to that of (2.15) shows that, in the
notation of (2.15.1), ∑
in i≥3 i odd
qi1 =
1
2
n0 − 1
Combining this with (2.15.1) immediately yields the lemma.
Two simple applications of (2.17) now make the explicit evaluation of
the right-hand side of (2.16.1) possible, conﬁrming that χ∗ 0Symn = 0
as stated.
We conclude this section with a description of the top cohomology (cf.
[G, 3.10, 3.12).
Proposition (2.18). Let χtop be the character of Symn on H
n−3
0 n, the top cohomology. Then:
(i) For w ∈ Symn, χtopw = 0 unless w has cycle type im (any i)
or 1 im (i > 1). Thus χtop is supported on the elements of Symn which are
regular in the sense of Springer [Sp].
(ii) The restriction of χtop to Symn−1 is the character induced from a
faithful character of the cyclic group generated by a Coxeter element of Symn−1,
tensored with the sign character.
(iii) The restriction of χtop to Symn−2 is the regular character of Symn−2.
Proof. (i) It is evident that degreeQmi t ≤ mi − 1, except when
i = m = 1. Since n =∑i mii, (i) follows immediately.
(ii) The value of χtop on elements of the form 1 im may be read off
from (2.9): it is −1i−1m−1µiim−1m − 1!. This proves the assertion
(cf. [L2, Sect. 5]).
(iii) This is trivial from (i), which shows that the character of the
restriction is supported on the unit element of Symn−2.
Remark (2.19). It is shown in [L1, (5.5)] that the character of Symn−1
appearing in (ii) above is the character of the representation of Symn−1 on
the top cohomology of the hyperplane complement of type An−1. Thus the
Symn-module Hn−30 n (the top cohomology) is an extension to
Symn of that representation of Symn−1, as remarked in the Introduction.
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3. UNITARY REFLECTION GROUPS
A (pseudo)reﬂection in V = n is a semisimple linear transformation
which ﬁxes a hyperplane pointwise. A unitary reﬂection group is a ﬁnite
group of linear transformations of n which is generated by reﬂections. Let
G be such a group, let 
 be the set of ﬁxed hyperplanes of the reﬂections
in G, and let MG = V \ ∪H∈
H be the corresponding hyperplane comple-
ment. The action of G (or more generally, the normaliser NGLV G) on
H∗MG is important for several representation theoretic applications
(cf. [L3, L4, LSe]). In [L2] it was shown how this action could be com-
puted using equivariant comparison of l-adic and Betti cohomology when
G is real. In [L3, BL] it is shown how the computation of the equivariant
Poincare´ polynomials
PGg t =
∑
i≥0
trace
(
gHiMG
)
ti g ∈ NGLV G (3.1.1)
may be reduced to a small number of special cases. Here we generalise the
results of [L2] to the unitary case. The generalisation provides a straight-
forward way of resolving the special cases.
Any unitary reﬂection group is deﬁned over a cyclotomic ring R = ζ,
where ζ is a root of unity. This means that there is a ﬁnite free R-module
VR, equipped with a G-action, which induces the G-action on V via some
embedding R ↪→ . It is easy to see that, after replacing R by R1/m
for some integer m, we may deﬁne a subscheme of the afﬁne R-scheme
associated with VR, by removing the ﬁxed R-hyperplanes of the reﬂections
in G. We again denote this scheme by MG.
For a (height 1) prime  of R we denote by k its residue ﬁeld, and by
k¯ an algebraic closure of k.
Theorem (3.2). LetG be any ﬁnite unitary reﬂection group acting on V =
n, let R be as in the preceding paragraph, and assume that g ∈ NGLV G
is deﬁned over R. Then for almost all primes  of R the Poincare´ polynomial
PGg t (see (3.1.1)) satisﬁes
PGg−q−1 = q−n
∣∣MGk¯gF ∣∣ (3.2.1)
where q = k, and F denotes the q-power Frobenius.
Proof. This is entirely analogous to the proof of (2.6) above. It follows
from [L2, Proposition 2.4] that F acts on HicMG ⊗R k¯l with all
eigenvalues equal to qi−n. A calculation like that in the proof of (2.6) now
yields the result.
The method implied by (3.2) has been applied in tandem with other
methods, (cf. [L3]) to obtain equivariant Poincare´ polynomials in the case
of the cyclotomic reﬂection groups in Section 8 of [BL]. We give an example
of such a computation here.
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Example (3.3). Let G = Gr 1 * be the “cyclotomic” unitary (com-
plex) reﬂection group, which is isomorphic to the wreath product of Symn
with µr , the group of rth roots of unity (for notation in this example, see
[BL]). Let g = c* θ ∈ G be an *-cycle of type θ ∈ µr , where θ has order
r. The hyperplane complement in this case is
Mr * = z1 z2     z*  zi = 0 zi ∈ µrzj for i = j
Consider the corresponding variety over the ﬁnite ﬁeld q, where q ≡
1 mod r. Taking F to be the coordinate-wise q-power map, the ﬁxed point
set MgFr * may be mapped via z1 z2     z* → zr1 zr2     zr* to the cor-
responding ﬁxed point set for an n-cycle in the hyperplane complement of
type A. Analysing this map, one ﬁnds the following formula for the num-
ber of ﬁxed points. Write * = *1*2, where *1 is the product of the prime
factors of * which divide r (with multiplicities) and *2 is prime to *. Then∣∣MgFr * ∣∣ =∑
j*2
µ
(
*2
j
)
q*1j − 1
where µ is the Mo¨bius function. This formula applies whenever q ≡
1 mod r, which by Dirichlet’s theorem includes an inﬁnite number of
primes.
It follows, using Theorem (3.2), that
PGg t =
{
p*2−−t*1 if *2 = 1
1− −1*t* if *2 = 1
where, for any integer n > 0, the polynomial pnt is deﬁned by
pnt =
∑
dn
µ
(
n
d
)
−tn−d
4. APPLICATION TO CONFIGURATION SPACES
Let Z be a scheme of the type in (1.5) above, over R = 1/n, and sup-
pose dimZ = n. For  a height 1 prime of R, set q = k. Assume
that, for all but ﬁnitely many , the q-power Frobenius (denoted F) acts
on HicZk¯l with all eigenvalues equal to qi−n, i.e., in the language of
[DL], that Z is minimally pure (mp). Examples of such varieties include
hyperplane complements, algebraic tori, complements of kernels of charac-
ters of tori, toric varieties, etc. (see [DL]). The symmetric group Symn acts
by permutation of coordinates on the conﬁguration R-scheme CnZ. It is
then easy to compute the action of Symn on the cohomology of the analytic
conﬁguration space CnZan using the above method.
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For this purpose, deﬁne, for any positive integer m,
Zom = ZqF
m \ ⋃
km k=m
ZqF
k
(4.1.1)
and further deﬁne polynomials amt and bmt ∈ t by
amq =
∣∣ZqFm ∣∣
bmq =
∣∣Zom∣∣ (4.1.2)
That these are polynomials follows from our assumption on the eigenvalues
of F acting on the cohomology of Z, together with Grothendieck’s ﬁxed
point formula. Clearly we have
Lemma (4.1). The polynomials of (4.1.2) satisfy the relations
amt =
∑
dm
bdt (4.1.1)
and
bmt =
∑
dm
µ
(
m
d
)
adt (4.1.2)
Let Xn be the R-scheme CnZ, and let w ∈ Symn have cycle type imi.
The next result is proved by a simple computation of exactly the same
nature as that of Section 2 above.
Lemma (4.2). We have∣∣XnqwF ∣∣ =∏
i
B
mi
i q
where Bmi q = biqbiq − ibiq − 2i · · · biq − m− 1i.
This will be used in the same way as above.
Proposition (4.3). Let Xn be the analytic space associated with
CnZ. Then for almost all primes  of R, and any element w ∼ imi ∈ Symn,
the equivariant Poincare´ polynomial
PXnw t =
∑
i
trace
(
wHiXn
)
ti
satisﬁes
PXnw−q−1 = q−n
∣∣Xnk¯wF ∣∣ (4.3.1)
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The proof of (4.3) is again analogous to that of (2.6). Together, (4.1),
(4.2), and (4.3) give an explicit expression for the graded character of Symn
on H∗Xn, given only the number of rational points Zk¯Fm  for
each m, or equivalently the zeta function of Z.
Example (4.4). Following Manin [M] we deﬁne, for Z as above, the
generating function
φZt z =
∑
n≥1
PXn1 t
zn
n!
∈ tz
Then in the above notation, we have
φZt z = 1− tzb1−t
−1 (4.4.1)
More generally, if x1 x2    is a set of commuting independent variables
(cf. [G, 5.1]) we deﬁne, for any class function λn on Symn the “characteris-
tic”
chnλn = n!−1
∑
w∈Symn
λnwxm11 xm22 · · · 
where w has cycle type imi. For a sequence  = λn of class functions,
deﬁne
ch = ∑
n≥1
chnλnzn
If we take λnw = PXnw t, we obtain the following formula for ch
ch = ∏
i≥1
1− txizi
−1bi−t−1 (4.4.2)
where bit is the polynomial deﬁned in (4.1).
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